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We first present a philosophy which seeks to unify many of the invariants which have arisen 
in the study of the question “Which links are concordant to boundary links?‘. We show that a 
link of 2.spheres in SJ is null-concordant if and only if a certain obstruction vanishes in a bordism 
group associated to Vogel’s localization E of a wedge of circles. We prove that, if at least one of 
H,( n,( E)) or H,( n,(E)) is non-zero, then there is a link which is not concordant to a boundary 
link (but has vanishing Milnor’s invariants). 
We define a finiteness condition regarding the possible behavior of infinite families of surfaces 
in a classical link complement which, if satisfied, guarantees that a link is a sublink of a homology 
boundary link, and thus that all known invariants for distinguishing its concordance class from 
that of a boundary link, vanish. This finiteness condition may be equivalent to the vanishing of 
Milnor’s /l-invariants. 
AMS (MOS) Subj. Class.: Primary 57445; 
1. Localization in link concordance 
This paper seeks to address one of the most fundamental open problems in knot 
theory-that of describing the set of equivalence classes of links under the relation 
of link concordance. In Section 1, we first motivate an important subproblem 1.3 
and indicate why these problems are difficult. We briefly review the methods which 
have historically been successful on partial positive solutions as well as the various 
invariants which have appeared in the literature. The first part of Section 1 is 
expository and introduces the primary purpose of this section which is to present 
a motivated unified context within all of the known invariants cannot only be seen 
but can be seen as obstructions to the historically successful positive methods as 
well. This synthesis has not appeared elsewhere. Bear in mind, however, that our 
perspective is not the only possible one and that we do not intend to be comprehen- 
sive in our treatment of current research. In particular, important work on concord- 
ance of disk links and on boundary concordance of boundary links (see [IS, 261) 
is not given equal time. 
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In Section 1, we show that an element in a bordism group associated to the Vogel 
localization of a wedge of circles is the precise obstruction to a link of 2-spheres 
in S4 being null-concordant. We also give a new realizability result for links in S5 
(Theorem 1.9). 
In Section 2, we reverse gears and return to more geometric methods in the 
classical dimension. We give sufficient geometric conditions to guarantee that a link 
is a sublink of a homology boundary link. The substantive condition is a finiteness 
hypothesis on surfaces in compact 3-manifolds. It is unknown whether or not this 
condition is any stronger than the vanishing of Milnor’s ii-invariants. 
Recall that a link L of m components (L, , . . . , L,) is a codimension-two piecewise- 
linear submanifold of Snt2 which is piecewise-linearly isomorphic to an ordered 
disjoint union of m oriented copies of the n-sphere. A link of 1 component is a 
knot. Let N(L) denote a closed tubular neighborhood of L in Snt2, and let E(L), 
the exterior of L, denote the closure of the complement of N(L). A Seifert “surface” 
V, for one of the components L, is a compact, connected, oriented proper (n + l)- 
submanifold of E(L) whose boundary is L, (actually a “push-off” of Li into N(L)). 
Two links L and L’ are concordant (or cobordant) if there is a codimension-two 
submanifold C of S”+’ x I which is isomorphic to an ordered disjoint union of m 
oriented copies of S” x I, and which restricts on Sn+’ x (0) to L and on S”+’ x {l} 
to -L’. Unfortunately, the set of concordance classes of links (m > 1) does not 
appear to be a group under ordinary connected-sum. The fact that the set of 
concordance classes of disk links can be given a group structure hints that disk links 
are more fundamental. The work of LeDimet has been very influential in this regard 
[151. 
Problem 1.1. Characterize the set of concordance classes of links. 
Since link concordance is at least as complicated as the m separate knot concord- 
ance classes of its components, one first must look to the case m = 1, and here much 
is known. Kervaire has shown that all even-dimensional knots are concordant to a 
trivial knot (1965, [ 131) and Levine algebraically characterized odd-dimensional 
knot concordance for n > 1 (1968, [ 161). Th e well-studied “classical” knot concord- 
ance group (n = 1) contains a subgroup which can be explained algebraically, as 
for higher-dimensional knots, but the entire group (n = 1) is known to be much 
larger, and remains mysterious [ 11,4]. Thus, to solve Problem 1.1 in general, it is 
sufficient (at least for n > 1) to decide when a link is concordant to a split link-that 
is, one whose components may be separated from one another by m embedded 
(n + 1)-spheres, since the concordance class of a split link is clearly dependent solely 
on the m knot concordance classes. 
Problem 1.2. Which links are concordant to split links? 
Historically, surgery theory has been the only effective tool for obtaining positive 
results on link concordance, that is, for constructing concordances and for classify- 
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ing. Two “dual” approaches have emerged. Kervaire and Levine used surgery to 
progressively simplify the Seifert surface of the knot via concordance, whereas 
Cappell and Shaneson employed surgery techniques of their own invention to 
construct homology cobordisms of link exteriors [3]. While these techniques work 
well for knot concordance, they are not directly adaptable to the general situation 
for links and herein lies the thorn which has motivated recent research. The problem 
for the Kervaire-Levine approach is simply that the tn various Seifert surfaces will 
have complicated intersection patterns. In fact this approach does carry over quite 
well as long as the link components admit disjoint Seifert surfaces. Such links are 
called boundary links (see [14,20]). These should be seen as an intermediary between 
the general link and a split link. Kervaire’s proof will thus show that every even- 
dimensional boundary link is concordant to a trivial link (a result of Gutierrez). 
Boundary links (seem to) arise naturally from the homology surgery viewpoint as 
well. Recall that surgery theory attempts to modify, by bordism, a degree one map 
from the link exterior to some carefully chosen target space with the goal of making 
the modified space more and more like the target space. Thus the target space ought 
to be related to the desired end-product, and the desired end-product is the exterior 
of the trivial link. However, E(L) admits a degree one map to the exterior of the 
m-component trivial link only when the link group G (n,( E (L)) admits an epimorph- 
ism to the link group of the trivial link, the free group F on m letters. Surgery 
theory also requires that some sets of meridional elements of G map to a generating 
set for F. But this is known to be equivalent to the condition that L is a boundary 
link [27,12]. Thus boundary links arise naturally in both approaches. The results 
of Kervaire and Gutierrez show that in even-dimensions Problem 1.1 reduces to the 
following problem. 
Problem 1.3. Is every link (n > 1) concordant to a boundary link? If n = 1, is every 
link with vanishing Milnor’s p-invariants concordant to a boundary link? 
This problem is outstanding in all dimensions. At the moment it is possible that 
every link (n > 1) is concordant to a boundary link, implying that, in even dimensions, 
every link is concordant to a trivial link. It is Problem 1.3 towards which the rest 
of this paper is directed. Before proceeding, note that, in odd dimensions, there 
remains the problem of deciding when a boundary link is concordant to a split link. 
Cappell and Shaneson have shown that many boundary links are not concordant 
to split links [3]. Consequently, for odd-dimensional links Problem 1.3 addresses 
only a piece of Problem 1.1. 
We briefly mention some of the attempts to understand Problem I.3 by finding 
link concordance invariants which vanish on boundary links. Stallings showed that 
the quotients G/Gk, k = 1,2, . . . of the link group by the terms of its lower-central 
series were invariants of concordance (1964, [28]). Unfortunately, his work also 
showed that, for a higher-dimensional (n > 1) link group, G/Cc = F/F, for all 
integers k so that only in the classical dimension a link can be distinguished from 
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the trivial link by these quotients. In the classical dimension (n = 1) there are some 
non-zero obstructions, Milnor’s p-invariants (1954, [ 191). These inductively decide 
whether or not G/ Gk = F/ Fk. At about the same time, it was recognized that Massey 
products of l-dimensional cohomology classes of E(L) were invariants of link 
concordance. Later it was shown by Turaev and Porter that these actually were 
essentially the same set of invariants (1969, 1971, [29,24]). 
In the 1980s Sato and Levine independently defined link concordance invariants 
taking values in T,,+~( S’) for 1 <j < min( m, n + 2) which were computed by intersect- 
ing any j Seifert surfaces and taking the “framed cobordism” class (in S”+‘) of the 
result ([25], Levine unpublished). These invariants were realized as non-zero only 
in the classical dimension. The author defined concordance invariants with values 
in a bordism group fiz:,(K( G/[G, G], 1); one skeleton) and showed that these 
were merely reinterpretations of the Sato-Levine invariants. They were defined by 
performing framed surgery on the link to obtain a closed manifold X, then taking 
(X, h) where h was the map induced by the Hurewicz homomorphism (1984, [6]). 
It was also shown that if this homomorphism factored through (in particular if some 
quotient G/N was) a group of homological dimension 1, these invariants factor 
through zero bordism groups [5, 3.6; 6, 4.4 and 4.51. In a later paper the author 
generalized the methods and invariants of Sato-Levine, for j = 2, to produce two 
sequences of invariants in rr,+2(S2) (1983, [7]). The 1984 thesis of Orr was a major 
breakthrough. Orr defined concordance invariants (only based concordance for 
n = 1) with values in nn+>( K( G/ Gk, 1); one skeleton) which generalized (k = 2) the 
Sato-Levine invariants. More importantly, since G/ Gk I- F/ Fk (n > l), Orr showed 
that, even though the homological dimension of F/F, is large, the Sato-Levine 
invariants vanish identically since the composition F/ Fk + F/ F2 could be shown 
to induce the zero map on the appropriate homotopy groups [21,22]. All of the 
above invariants vanish for boundary links. Other invariants, in particular those 
more recently proposed, will be discussed later. 
We shall now present a unifying philosophy. Since not every link is a boundary 
link, the trivial link exterior fails to be an appropriate surgery target for links as 
explained above. Thus, in order to use surgery effectively, some other universal 
target must be found. Even on the level of fundamental groups this has presented 
a very difficult problem [5, p. 3971. If a link is to be concordant to a boundary link, 
then its group must map to a higher-dimensional link group P, that is, a finitely- 
presented group which has H,(P) = Z”‘, H2( P) = 0 and is normally generated by m 
elements. Call the set of such groups K (for Kervaire) and call an element a K-group 
(the subscript m is suppressed throughout). It must be mentioned in passing that 
Cappell and Shaneson had already (1981) suggested that the concordance problem 
could be solved by knowledge of direct limits of homology surgery groups associated 
to K-groups [3]. Furthermore, Bousfield had, in a different context, already defined 
a group to which each element of K mapped [2]. All of what has gone before 
suggests the following. Suppose G is a group which is normally generated by m 
elements. A basing b of G is a map b: F(x, , . . , x,) + G whose image normally 
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generates G. Then b(xi) is called a meridian of (G, 6) and such a pair is called a 
based group. 
Definition 1.4. A based group (U, u) is called universal (really K-universal) if, for 
any based group (G, b) where G is a K-group, there is a unique homomorphism 
f: G + U whose image normally generates U and such that u = f 0 b. 
Now, for any such ( .!J, u) (abbreviated U), we shall define several types of (based) 
link invariants taking values in homotopy, stable homotopy, bordism and homology 
of spaces associated to U. For various values of U, these represent the link concord- 
ance invariants discussed above. Consider the classifying space K ( U, 1). Let K ( U) 
be the space obtained by adding m two-discs to collapse a wedge W of m circles 
(identified with K (F, 1) in K (U, 1) via u). We construct a based link concordance 
invariant %,( I!+ b) in rnt2( K (U)), by mimicking Orr’s construction. We assume 
that b is induced by a meridian map b: W+E(L). Letf:(G,b)-+(U, u) be the 
guaranteed map. Then f induces a map f : E(L) + K ( U, 1) such that f 0 b = u is a 
map of W into K (U, 1). If n = 1, we must assume that f kills the longitudes of L. 
It is worth noting that the homotopy classes of these longitudes as elements of U 
are themselves invariants. Now, following Orr, adjust f on i~iV( L) so that it factors 
through its restriction to the geometric meridians. Then f extends uniquely to 
f:Sntr+ K(U). 
Of course rTT,+J K (U)) maps via stabilization to &+Z( K( U)). This may be 
identified with the bordism group fiz:,( K (U)) of (n +2)-manifolds whose stable 
tangent bundles are trivialized, and maps to K(U). This, in turn, maps, by the 
forgetful map to the group n+,( K (U)) of manifolds with f-structure, where an 
f-structure is a trivialization of the stable tangent bundle over the [(n +3)/2]- 
skeleton. For example, when n = 1 or 2, an f-structure is a spin-structure. Finally 
there is the obvious map to H,+,( K ( U)) s H,,+,( U) given by the image of the 
fundamental class of Sn+*. The composite map h is the Hurewicz homomorphism. 
This yields the diagram below. 
These invariants are independent of basing for n > 1, and, in any case are especially 
useful when considering whether or not a link is concordant to a boundary link 
since the property of being zero is independent of the basing. 
Let %’ n+2 denote the stabilized invariant and the invariant in stably-framed bordism. 
Let B( L, U) denote the invariant in the last bordism group and let h( L, U) represent 
the image of B under h. 
The bordism invariants can be defined in another way which shows that they 
generalize those defined earlier by the author. The unique stable framing on the 
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(n +2)-sphere (that which extends over the disk) induces a stable-framing and hence 
an f-structure on X(L), the closed (n +2)-manifold obtained by (framed) surgery 
on the n-spheres of L. For n > 1, rr,(X(L)) = G (for n = 1, it is G module the 
normal subgroup generated by the longitudes). The map f: G + U induces a map 
of spaces so (X,f) is an element of fii’ ,,+*(K( U, 1)) and hence of the relative group 
fiLt2(K( U, 1); u(W)) for any map u : W+ K( U, 1). Since bordism is a reduced 
homology theory, this latter is isomorphic to fiL+,(K( U)). This concordance 
invariant is easily seen to agree with B(L, U) above. For the trace of the surgery 
is certainly a framed cobordism from Sn+Z and, furthermore, since E(L) is identified 
with the complement, in X(L), of a disjoint union of copies of D”+’ x S’, with the 
maps to K (U, 1) restricted to the boundary factoring through a union of circles, 
this map extends across D”+’ x II2 and hence over the entire trace. 
Setting U = G/ G2 = F/ F2, one sees that fI”( , U) are essentially the Sato-Levine 
invariants. For U = G/Gk = F/F,, the obstructions /3( , U) are due to Orr. It is 
now known that the Massey product obstructions (Milnor’s obstructions) are 
equivalent to these obstructions [9,22], and that the author’s generalizations of the 
Sato-Levine invariants fall within this context [23]. In particular, it is known that 
all of these obstructions vanish for n > 1 [9,23], so they cannot provide a negative 
answer to Problem 1.3. Orr also introduced the case that U is the inverse limit of 
the tower F/ Fk + F/ Fk-, . This group is called the nilpotent completion of F and 
will be denoted l? The corresponding invariant will be called Orr’s o-invariant, 
and is not understood. Even more recently, Levine has defined a subgroup of the 
nilpotent completion, which he calls the algebraic closure of the free group, denoted 
F [17]. LeDimet has proposed the fundamental group, denoted F of Vogel’s 
localization of a wedge of m circles [ 15,301. Levine has given a useful combinatorial 
description of this group and it is he who has defined 0(F) [13]. Finally, I point 
out that one could consider Bousfield’s localization of the free group, denoted HZ 
[2]. All of these groups are rather poorly understood. The obstructions represented 
by these groups are even more mysterious. In addition, in the case of the latter 
three, for n = 1, it is not even known whether or not every link group (assuming 
vanishing p-invariants) maps to U and whether the longitudes are killed by such 
a map. Since F can be expressed as a direct limit of K-groups [18], one is led to 
ask “When does a classical link group admit a 2-connected map to a higher- 
dimensional link group of the same abelian rank?“. 
These universal groups are related by the following diagram: 
F-F~...~F/F,-,F/F,_,j’.. -F/F, 
The above result of Levine implies that g is “initial” among universal groups (at 
least for n > 1). Thus, it seems to be the proper place to locate obstructions. Evidence 
for this statement is provided by LeDimet’s work and by Theorems A and B. 
T.D. Cochran J Localization andjiniteness 127 
The author, in [ 8,9] introduced the only known class of possible counter-examples 
to Problem 1.3. These are calledfusions of boundary links and are formed by starting 
with a many component boundary link and then reducing the number of components 
via bands connecting one component to another. None of the present invariants 
can distinguish these concordance classes from those of boundary links. It was 
shown there that these links are sublinks of homology boundary links. Recall that 
a homology boundary link is one whose group admits an epimorphism to the free 
group. It was also observed that the group of any sublink of a homology boundary 
link maps onto, not F, but a special type of K-group with deficiency equal to m, 
called an E-group. These observations focus attention on these categories, and 
connect the geometry with the algebra. 
Theorem A (Levine [IS]). If n = 1, the link L is concordant to a sublink of a homology 
boundary link ij’ the invariant h( L, p) (which equals 0( L, fi) ifn = 1) is defined and 
zero. 
Theorem B (Cochran). !f’ n = 2, the link L is concordant to the trivial link ifs the 
A 
invariant B( L, F) is zero. 
Theorem B is proved below. The attention on homology boundary links has 
brought about the following. Theorem C is actually an old result. 
Theorem C (Cochran: n = 2 [5,4.6], Demeo: n > 2 [lo]). Every even-dimensional 
homology boundary link (hence every sublink of a homology boundary link) is con- 
cordant to a trivial link. 
Theorem D (Cochran-Levine [5-9, 16-181). Any sublink of a homology boundary 
link (hence every homology boundary link) is concordant to a fusion of a boundary link. 
We will now present a proof of Theorem B. Let us agree to abbreviate 0,( K (G, 1)) 
by 0,(G) for any group G, and similarly for the relative groups. We shall need the 
following. 
Proposition 1.5. Suppose u : F(x, , . . , x,,) -+ U is a homomorphism of groups inducing 
an isomorphism u.+ on abelianizations. Suppose fi is any reduced (generalized) 
homology theory. The sequence below is split exact: 
O-fi,(F)~fin,(U)“-,~,(U, F)+O. 
Proof. Since K (F, 1) is a wedge of circles, there is an isomorphism q : @z, fin,(Z) + 
fin*(F). On the other hand, the projections onto the various factors induce a map 
t : f?*(E’“) +@:“, f?,(Z). The composition t 0 h, 0 q is easily seen to be the identity, 
where h, is induced by the Hurewicz map (also denoted hr). Thus h, is manic on 
fin,. 
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Now the maps hl, 0 ZJ and u* 0 hF are the same. Since hF induces a monomorphism 
on fi, and u.+ induces an isomorphism, the map u also is manic on fi,. The 
homology exact sequence for the pair (U, F) thus reduces to a collection of short 
exact sequences. The map q 0 t 0 up’ 0 hU : fi,( U) + fi,( F) provides the required 
splitting. 0 
Proof of Theorem B. If B(L, $) is trivial, then the image of (X(L),p:X(L)+ 
K(F, 1)) under p.+ (see Proposition 1.5) is trivial. Furthermore, the Atiyah-Hirze- 
bruch spectral sequence says that I?,,( fi, Ozpi” 
,. 
(*)) * fiE$,“( F). Since Ofpi” is trivial, 
fizPi”(F) is trivial, so the map p of Proposition 1.5 is an isomorphism. Thus there 
is a spin 5-manifold A whose spin-boundary is X(L) and such that the diagram 
below commutes. 
But Levine has shown that 6 = lim Pk where F = PO+ P, + - ...+Pk+...,andF+Pk 
is 2-connected (isomorphism on H, and epic on H,), all Pk are finitely-presented, 
and each is normally generated by the image of F [18, Proposition 61. Since A is 
compact, the image of n,(A) lies in some Pk. Thus the following diagram commutes 
up to homotopy. 
X-A 
Clearlyf” is 2-connected and its image normally generates Pk. Applying [5, Theorem 
3.21, we conclude that L is null-concordant. 
Conversely, by the same theorem, if L is null-concordant there is a K-group P 
(of rank m) and a 2-connected map f: G+ P whose image normally generates P 
and such that (X(L),f) represents 0 in flipi” (K(P,l)).ButthecompositeF+G+P A 
is 2-connected so, by [18, Proposition 51, F+ p is an isomorphism where p is an 
algebraic closure of P (see [ 181). Thus the map G + k + fi sends (X,f) to zero in 
bordism. Since fi is universal, this map is unique relative to a basing, and so the 
image of (X,f) agrees with B(L, F). 0 
Remark 1.6. Note that 
fi;+,(F) = 6 jz;+,(S’) = & a;+,(*). 
i=* r=l 
Under these identifications, the splitting map 4 : fi{+,(U) + fi{+,( F) of Proposition 
1.5 can be taken to have coordinates (K, J;) where V, is a Seifert surface for the 
ith component and J; is an induced f-structure. The image of X(L) under this 
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projection carries various Kervaire-type invariants and signatures. In particular, if 
each component of L is null-concordant then each (Vi, J;) is trivial. This implies, 
for example, that if n is even, then the map p of Proposition 1.5 is a bijecrion when 
restricted to subsets (subgroups?) of the bordism groups which arise from links! 
Moreover, for any n and any element of 7~,,+~ (K ( U)) which comes from some link, 
there is another link L whose components are (separately) null-concordant and 
whose H-invariant represents the chosen element. This is true because any knot K 
may be transformed to a null-concordant knot by adding a local knot -K (the 
concordance inverse of K). There is always a degree one map from the exterior of 
the new knot to the old, and this will show that “Orr’s invariant” is preserved under 
local knot addition. Thus, the map p of Proposition 1.5 is always a bijection when 
restricted to the subsets of bordism which arise from link invariants! 
The reader might wonder to what extent these bordism groups differ from ordinary 
homology. The following is an immediate consequence of the Atiyah-Hirzebruch 
spectral sequence and Proposition 1.5. 
Proposition 1.7. Suppose H,(p) = H,(F) .for k < n + 1. Then there is a short exact 
sequence 
o~N-,~id(l+2(~,F)~H,+z(~)~0 
where N is a quotient of H,+,($; Zz). 
The following should also be mentioned. 
Theorem 1.8 (Cochran: n =2 [5], Demeo: n > 2 [lo]). Suppose L is an even- 
dimensional link in S”” with group G, and suppose there exists a K-group P (of rank 
m) and a map f: G + P whose image normally generates P where HA(P) = Hk( F) for 
kc n + 2. Then L is null-concordant. 
Of course, only the condition for k = n + 2 is a necessary one. In fact it is easy 
to show that if ,f: G + P exists so that B( L, f, P) vanishes (a necessary condition 
for some P), then it suffices that Hk( P) = HA(F) for k <[(n + 3)/2]. These results 
are for even dimensions. It seems that there ought to be an analogue of Theorem 
1.8 for odd dimensions. 
There is some evidence then, that one important object of study should be the 
homology of F (see also [15]). We add to this evidence with the following. We 
remind the reader of Levine’s result that, if H3( g) is non-trivial, then there is a link 
in S3 with vanishing Milnor’s invariants but which is not concordant to any sublink 
of a homology boundary link [18]. 
Theorem 1.9. Suppose, for some m, that H,(k) is zero and Hs( fi) is non-zero. Then 
there is an m-component link in S5 which is not concordant to a boundary link (or 
even a sublink of a homology boundary link). 
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Proof. By Propositions 1.7 and 1.5 there is a 5-manifold X with an f-structure and 
a map g : X + K(F, 1) representing a non-zero class in H5( s). In fact, since X is 
compact, and fi is a direct limit of K-groups, there is a K-group P and a map 
g :X + K (P, 1) representing a non-zero class in H,(P). Perform framed surgery on 
this map to get a map g’: X’+ K( P, 1) which is an isomorphism on V, and H,, but 
represents the same class in H5. Since P is normally generated by m, elements there 
are m disjointly embedded circles in X’ upon which framed surgery yields a 
homotopy 5-sphere (hence S’). The co-spheres of the trace of this surgery comprise 
a link in S5 which has a non-zero invariant h(L, F). 
On the other hand, if L is a sublink of a homology boundary link, then it is an 
easy exercise to show that 13( L, F) = 0 (see, for example, the proof of [ 18, Proposition 
lo]). n 
2. A striking consequence of finiteness 
There is a more geometric alternative, at least in the classical dimension, to study 
the homology of these universal groups. Presently we shall give two conditions 
sufficient to guarantee that a classical link with vanishing Milnor’s invariants is a 
sublink of a homology boundary link. The first of these conditions we call a technical 
condition because it has the appearance of such (but might not be). This condition 
represents the gap between the statement that Massey’s products vanish algebraically, 
and the statement that they vanish in a nice geometric fashion. The second condition 
is a jiniteness condition, concerning the possible behavior of infinite families of 
surfaces in E(L). It is not unlike conditions (which do always hold) on the number 
of isotopy classes (up to parallels) of disjoint incompressible surfaces in a compact 
3-manifold. 
Let F be free on the letters x,, . . . , x,,,. A l-bracket is one of these letters. The 
symbol b is said to be an n-bracket (or a bracket of weight n) for n > 1 if b is a 
commutator of letters [b, , b2], where b, and b, are brackets whose weights sum to 
n. These brackets will be used to index an infinite set of compact oriented surfaces 
in E(L). 
2.1. Technical condition on L (TC). There exists a set V of compact, oriented (but 
possibly empty) surfaces piecewise-linearly embedded in E(L), which is indexed 
by the set of all brackets of finite weight, subject to the following: 
(1) V(x,) is a Seifert surface for K,; 
(2) V( b,) and V( b2) are distinct and meet transversely unless either each is empty, 
or b2 differs from b, by a sequence of moves each of which reverses the order 
[a,, a,] + [a,, a,] of some sub-bracket, in which case V(b,) and V(b,) coincide 
modulo orientation; 
(3) the oriented boundary aV(b, , b,) is the intersection of Vjb,) and V( b2) 
oriented according to some convention which is not relevant to the present discussion. 
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If V( b,) coincides with V(b2) module orientation, then we understand that their 
intersection is empty; 
(4) V(b,) n V( bJ n V(b,) is empty unless, for some permutation (i, j, k) of 
(1,2,3), the boundary of V( b,) is a component of the intersection of V( b,) and V( b,); 
(5) each component of V(b) has a connected boundary. 
It is a consequence of (TC) that V(b,) n V( b,) is a closed oriented I-submanifold 
c(b,, bJ, and that each circle component of the latter bounds a component of 
V( b,, b,). For completeness, we let c(x,) denote the ith longitude. It is a consequence 
of (TC)(4) that these l-manifolds are pairwise disjoint. 
[S, Theorem 9.261 guarantees that (TC) implies that Milnor’s invariants are zero. 
In fact the proof there constructs, given k, an epimorphism G + F/F, sending 
meridians to generators (such must be an isomorphism on G/G,). But (TC) is 
potentially stronger than the vanishing of the Massey products on the link exterior 
in that (TC) requires: geometric disjointness instead of algebraic disjointness, some 
degree of connectedness, that all “higher-order linking numbers” vanish instead of 
certain combinatorial combinations of these which give Massey products. 
The following condition says that the link type of the set of circles which arise 
as intersections of the iterated systems of Seifert surfaces is “projectively” finite. 
2.2. Finiteness condition (FC). There exists a set of distinct circles C = {c, , . . , c,}, 
which includes the longitudes of L, each element of which is a component of some 
c(b). There exist disjoint regular neighborhoods {N(c,), . . . , N(c,)} such that 
(1) each element of the set D of components of {int V(q) nint V(q)(c,, c, E C} 
is contained in IJE, int N(c,); 
(2) each component of V(c,)naN(c,) is homologous to CT on aN(c,); 
(3) if i#j, then V(c,)n N(c,)=(V(c,)n;~N(c,))x[O, 11; 
(4) V(c,) n N(q) contains an annulus Ai from c, to c+, and otherwise (3) holds 
for i=j; 
(5) for each i, the “partial longitudinal foliation” of dN( c,) given by all its 
intersections with all V(q), j = 1, . . . , N, extends to one, by disjoint disks, of the 
abstract solid torus whose meridian is ct (this is the solid torus glued in to perform 
longitudinal Dehn surgery). 
Condition (5) is almost certainly automatic from the others. 
Theorem 2.3. Suppose L is a classical link which sati$es Technical condition 2.1 and 
Finiteness condition 2.2. Then L is a sublink of a homology boundary link. 
Proof of Theorem 2.3. It suffices to show that L is a sublink of L’ where X(L’) (the 
result of longitudinal surgery on L’) admits a basis of H2 consisting of disjoint 
submanifolds. For then the Pontryagin construction would give a map to the wedge 
of circles and consequently an epimorphism from G( L’)/(longitudes) to a free group 
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of rank equal to the number of components of L’. Thus L’ is a homology boundary 
link. 
Let L’ be the link whose components are the N circles of the set C guaranteed 
by (FC) together with their tubular neighborhoods. The meridians m, of these 
neighborhoods are clearly a basis for H,(X(L’)). Thus, by Poincare duality, it is 
enough to find disjoint submanifolds Z,, , . . , ZN such that m, 0 2, is Sij. 
Foreach i, i=l,..., IV, set Y’ = V(q) -UkN,, (int N(c~)). By (FC)(l) these are 
disjoint submanifolds of E(L’). Moreover (FC)(2-4) say that Y, is obtained from 
V( c,) by deleting annuli. In fact 8 Y, consists of CT together with pairs of oppositely 
oriented circles which form part of the partial foliations of the i)N(c,). By (FC)(3,4), 
the meridian of N(ci) intersects Y, algebraically once and the other Y, algebraically 
zero times. By (FC)(5), the Y, complete to disjoint closed surfaces in X(L’). El 
Now notice that neither (FC) nor the proof of Theorem 2.3 utilizes an infinite 
system of surfaces. The proof shows that only a finite surface system is necessary, 
as long as it is “self-referencing” as implied by (FC). Thus Theorem 2.3 requires 
(TC) in only an extremely weak sense and indeed both conditions could be replaced 
by a single “self-referencing” condition which would look very similar to (FC). 
The following is not hard to prove using the preceding remark. The method of 
proof is by explicitly defining the requisite surfaces. We omit it. 
Theorem 2.4. A fusion of a boundary link sati?fies (TC) and (FC). 
Corollary 2.5. If n = 1, any link which is concordant to a boundary link via a concord- 
ance with no local maxima satisfies (TC) and (FC). 
Corollary 2.6. (n = 1) Zf i( L) = 0 implies that L is ribbon-concordant to a boundar.y 
link, then t.Ii (L) = 0 implies that L satisjies (TC) and (FC). 
Corollaries 2.5 and 2.6 follow because any link which is ribbon-concordant (no 
local maxima) to a boundary link is a fusion of a boundary link [9]. 
We close with a few questions. 
Question 2.7. Is every interior band-sum of a boundary link concordant to a boun- 
dary link? Define some concordance invariants for this class of links. 
Question 2.8. What is the homology of $? Is it residually nilpotent (this would 
imply that it is the same as Levine’s F)? Is it transfinitely nilpotent‘? Is HZ(p) = O? 
Question 2.9. When does a classical link group admit a 2-connected map to a 
higher-dimensional link group of the same abelianized rank? Does every link with 
vanishing G-invariants satisfy (FC)? 
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